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 a b s t r a c t

Accurate information about the states of an electrochemical battery model facilitates a deeper 
understanding of battery behavior and enables performance enhancement. This paper first proposes 
backstepping Partial Differential Equation (PDE) observers for lithium concentration in the electrolyte 
phase within the negative electrode, positive electrode, and separator. Reverse sensitivity analysis is 
conducted to identify the most suitable measurable parameter for obtaining the electrolyte lithium 
concentration at the boundaries, which is used in the design of the electrolyte-phase observer. 
Subsequently, enhanced observers for the solid-phase lithium concentration in the negative and 
positive electrodes are developed. The proposed solid-phase observer enables more accurate State-
of-Charge (SoC) estimation by leveraging the closed-loop electrolyte-phase observer. Simulations of 
the reverse sensitivity analysis and state observers are performed on a commercial cylindrical lithium 
iron phosphate (LiFePO4) cell to validate the effectiveness of the proposed approach.

© 2025 Elsevier Ltd. All rights are reserved, including those for text and data mining, AI training, and 
similar technologies.
1. Introduction

1.1. Motivation

As lithium-ion batteries become increasingly integrated into 
daily life, ensuring their reliable operation is crucial. Accurate 
knowledge of their internal electrochemical states is essential 
for understanding their behavior and preventing potential faults 
to ensure safe operation (Zhang, Couto, & Moura, 2020). How-
ever, due to the complexity of battery systems, directly mea-
suring lithium concentration is impractical without specialized 
laboratory settings (Moura, Chaturvedi, & Krstić, 2014). This ne-
cessitates the development of electrochemical state estimation 
algorithms, which are vital for determining key metrics in bat-
tery management systems, such as SoC (Tang, Camacho-Solorio, 
Wang, & Krstic, 2017).

1.2. Reverse sensitivity analysis algorithms

Sensitivity analysis examines how variations in target pa-
rameters contribute to uncertainty in a specific model param-
eter. It identifies which parameters have the most and least 
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significant impact on the parameter of interest (Alipour, Yin, 
Tavallaey, Andersson, & Brandell, 2023).  Schmidt, Bitzer, Imre, 
and Guzzella (2010) proposed a novel battery model based on 
the Fisher information matrix method. Their results facilitate 
the design of a minimal number of experiments sufficient to 
fully parameterize the model. Alipour et al. (2023) employed 
an electrochemical-thermal aging model to perform sensitivity 
analysis and determine the impact of parameter uncertainties 
on battery voltage, temperature, and aging. In Lai et al. (2020), 
an analytical approach was used to conduct sensitivity analy-
sis and determine the voltage sensitivity of the battery to its 
electrochemical parameters.

A novel class of sensitivity analysis, known as reverse sen-
sitivity analysis, has been introduced in Pesenti, Millossovich, 
and Tsanakas (2019). It is termed ‘‘reverse’’ because it monitors 
changes in the target parameter instead of the parameter of inter-
est (Pesenti, 2022). In this study, a reverse sensitivity analysis is 
conducted to identify the most suitable battery measurement for 
obtaining the electrolyte lithium concentration at the boundaries, 
given the complexity of forward sensitivity.

1.3. Estimation algorithms

The state estimation approaches can be categorized into two 
main groups: data-based and model-based methods. Data-based 
methods utilize datasets to train artificial intelligence or ma-
chine learning models, even in the absence of extensive battery 
knowledge (Jafari & Byun, 2024). Model-based methods employ 
data mining, AI training, and similar technologies.

https://doi.org/10.1016/j.automatica.2025.112568
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various types of battery models to estimate states and perfor-
mance metrics (Ferreira & Tang, 2025a). SoC estimation from 
solid-phase lithium concentration is well studied in the literature. 
In Moura et al. (2014), the lithium concentration in the solid 
phase within the Single Particle Model (SPM) has been estimated 
using a linear observer. A backstepping PDE observer is designed 
by injecting the boundary state error. Subsequently, a combined 
estimation algorithm has been employed to estimate SoC and 
State-of-Health. In Tang et al. (2017), a thermal–electrochemical 
model is introduced to estimate the SoC while considering tem-
perature effects. In Zhang et al. (2020), local observability has 
been investigated for an SPM incorporating solid-phase dynam-
ics using Kalman decomposition approach. Subsequently, a con-
verged state observer is proposed for the observable subsystem 
corresponding to the surface lithium concentration in the solid 
phase.

Besides estimating electrode-level properties, analyzing elec-
trolyte concentration can provide valuable insights into battery 
states; however, this aspect has received limited attention in 
existing studies. In Moura, Argomedo, Klein, Mirtabatabaei, and 
Krstic (2016), the Single Particle Model with electrolyte (SPMe) 
is introduced to describe lithium concentration in both the solid 
and electrolyte phases. Additionally, an open-loop observer is 
designed to estimate lithium concentration in the electrolyte 
phase. In Zhang, Park, Couto, Viswanathan, and Moura (2022), 
the solid-phase volume-averaged lithium concentration, solid-
phase surface lithium concentration, and electrolyte-phase con-
centrations at the battery terminals are estimated using Padé 
approximation and Kalman decomposition. In this study, closed-
loop PDE backstepping observers are proposed to estimate the 
lithium concentration in the electrolyte phase.

1.4. Contribution

The main contributions of this paper are:

• The lithium concentration in the electrolyte phase within 
the negative electrode, the separator, and the positive elec-
trode is estimated using PDE observers. To the best of the 
authors’ knowledge, this is the first study to propose a
closed-loop PDE backstepping observer for this purpose. 
In Moura et al. (2016), open-loop observers are proposed for 
electrolyte lithium concentration estimation, whereas in this 
study, closed-loop observers are designed.

• In Zhang et al. (2022), electrolyte lithium concentrations 
at the battery terminals are estimated using Padé approx-
imation. In this study, to the best of our knowledge, this 
is the first time that modified boundary conditions are 
employed to design an observer for the PDEs governing 
electrolyte lithium concentration without relying on Padé 
approximation.

• Reverse sensitivity analysis is performed on a LiFePO4 cell 
to identify the most suitable parameter related to elec-
trolyte lithium concentration for determining the terminal 
boundary values c±

e (t, 0±) to be used in observer design. 
This study employs an analytical derivation approach that 
is broadly applicable to various battery chemistries and 
current profiles.

• By employing the estimated electrolyte concentration and 
inverting the SPMe voltage function, the solid-phase lithium 
concentration can be estimated, leading to a more accurate 
SoC estimation compared to Moura et al. (2016).
2

Fig. 1. Schematic of SPMe.

1.5. Organization

The remainder of this paper is organized as follows: In Sec-
tion 2, the SPMe battery model with modified boundary con-
ditions is described. In Section 3, the availability of electrolyte 
lithium concentration at the boundaries and reverse sensitivity 
analysis is explored. Section 4 discusses the proposed electrolyte 
lithium concentration observers. In Section 5, the solid phase 
lithium concentration observer and SoC estimation are presented. 
Observer performance is verified via simulation in Section 6, and 
Section 7 outlines the conclusion and future work.

2. Battery model

In this section, the SPMe is introduced, followed by a presen-
tation of the modified boundary conditions.

2.1. SPMe

The battery model, SPMe (Moura et al., 2016), schematically 
illustrated in Fig.  1, is based on the key idea of idealizing the 
solid phases of each electrode as single spherical particle. t de-
notes time; r and x represent the radial and spatial coordinates, 
respectively. Variables and parameters are defined in Table  1. 
The applied current I(t) and terminal voltage V (t) are the input 
and output of the system, respectively. The solid-phase lithium 
concentration c±

s (t, r) is governed by:
∂c±

s

∂t
(t, r) =

1
r2

∂

∂r

[
D±

s r
2 ∂c±

s

∂r
(t, r)

]
,

t > 0, r ∈ (0, R±

s ), (1)
∂c±

s

∂r
(t, 0) = 0, t ≥ 0, (2)

∂c±
s

∂r

(
t, R±

s

)
= ±

1
D±
s Fa±

s L±
I(t), t ≥ 0, (3)

c±

s (0, r) = c±

s,0(r), r ∈
[
0, R±

s

]
, (4)

where the specific interfacial area of the electrodes is given by 
a±
s =

3ε±
s

R±
s
.

The electrolyte lithium concentration dynamics in the negative 
electrode, separator, and positive electrode are:
∂c±

e

∂t
(t, x) =

D±,eff
e

(
c±
e (t, x)

)
ε±
e

∂2c±
e (t, x)
∂x2

∓
(1 − t0c )
ε±
e FL±

I(t), (5)

∂csepe

∂t
(t, x) =

Dsep,eff
e

(
csepe (t, x)

)
ε
sep
e

∂2csepe (t, x)
∂x2

, (6)

where t > 0 and x ∈ (0, Lj), j ∈ {−, sep, +} with the following 
boundary conditions:
∂c±

e (t, 0±) = 0, t ≥ 0, (7)

∂x
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Table 1
Nomenclature.

Variables

 c±
s Solid phase lithium concentration [mol/m3

]  
 c je Electrolyte phase lithium concentration [mol/m3

]  
 j±n Molar ion flux [mol/

(
m2 s

)]  
 i±0 Exchange current density [A/m2

]  
 I Applied current [A/m2

]  
 V Terminal voltage [V]  

Parameters

 Lj Length of region [m]  
 D±

s Solid phase diffusion coefficient [m2/s
]  

 Dj
e Electrolyte phase diffusion coefficient [m2/s

]  
 ε±

s , ε
j
e Volume fraction: solid, electrolyte phase[–]  

 t0c Transference number of the ions [–]  
 F Faraday’s constant [C/mol]  
 σ±, κ±

e Conductivity: solid, electrolyte phase [1/ (� m)]  
 k± Kinetic reaction rate 

[(
A/m2

) (
mol3/mol

)(1+α)
]

 
 R±

s Particle radius of solid phase [m]  
 Rf Solid-electrolyte interphase film resistance [� m2

] 
 R Universal gas constant [J/ (mol K)]  
 fc/a Electrolyte mean molar activity coefficient [–]  
 brug Bruggman exponent [–]  

D-,eff
e

(
c−

e (t, x)
) ∂c−

e

∂x
(t, L−) = Dsep,eff

e

(
csepe (t, x)

) ∂csepe (t, 0sep)
∂x

, t ≥ 0

(8)

D+,eff
e

(
c+

e (t, x)
) ∂c+

e

∂x
(t, L+) = Dsep,eff

e

(
csepe (t, x)

) ∂csepe (t, Lsep)
∂x

, t ≥ 0

(9)

c−

e

(
t, L−

)
= csepe

(
t, 0sep) , t ≥ 0, (10)

csepe

(
t, Lsep

)
= c+

e

(
t, L+

)
, t ≥ 0, (11)

c je(0, x) = c je,0(x), x ∈
[
0, Lj

]
, j ∈ {−, sep, +} . (12)

The terminal voltage V (t) of the battery model is:

V (t) =
RT
αF

sinh−1
(

−I(t)
2a+

s L+ ī+0 (t)

)
−

RT
αF

sinh−1
(

I(t)
2a−

s L− ī−0 (t)

)
+ U+

(
c+

ss (t)
)
− U−

(
c−

ss (t)
)

−

(
R+

f

a+
s L+

+
R−

f

a−
s L−

−
L+

+ 2Lsep + L−

2κe

)
I(t)

+ kconc(t)
[
ln c+

e

(
t, 0+

)
− ln c−

e

(
t, 0−

)]
≜ ν1

(
t, I(t), c±

ss (t), c
±

e (t, 0±)
)
, (13)

where c±
ss (t) ≜ c±

s (t, R±
s ). The function ν1(·) captures the detailed 

dependencies of the SPMe voltage function. Averaged exchange 
current density is given by: 

i±0 (t) = k±
[
c±

ss (t)
] 1
2
[
c±

e,0

(
c±

s,max − c±

ss (t)
)] 1

2 , (14)

and kconc(t) =
2RT (1−t0c )

F

(
1 +

d ln fc/a(t,0±)
d ln c±e (t,0±)

)
. The term d ln fc/a(t,0±)

d ln c±e (t,0±)
 is 

relative logarithmic derivative, representing normalized sensitiv-
ity of fc/a(t, 0±) to c±

e (t, 0±).

2.2. Modified boundary conditions

The coupled boundary conditions in the electrolyte concentra-
tion PDEs (8) and (9) complicate observer design. To address this, 
3

Fig. 2. Electrolyte-phase modified boundary condition.

modified uncoupled boundary conditions are employed under the 
following assumptions. 

Assumption 1. Total moles of lithium in the electrolyte phase nLi,e
is conserved.

An equilibrium point P∗ is defined as the location in the 
separator where the lithium ion flux is balanced between the 
left and right sides. Under Assumption  1, the total flux entering 
from the negative electrode and the separator region up to P∗

is assumed to equal the total flux exiting through the remaining 
separator region and the positive electrode. 

Assumption 2. The solid-phase current density i±s (t, x) and the 
electrolyte current density i±e (t, x) are approximated by their 
respective average values ̄i±s (t) and ̄i±e (t).

Using Assumptions  1 and 2, the conservation of electrolyte 
lithium ions at P∗ is characterized as follows (Xu, Wang, Pei, Mao, 
& Zhu, 2020):
ī−e (t) + ī−s (t)

F
L−

+
īsepe (t)

F
P∗

=
īsepe (t)

F
(Lsep − P∗) +

ī+e (t) + ī+s (t)
F

L+. (15)

Total current density in the electrodes and separator are: 

i±e (t) + ī±s (t) = īsepe (t) =
I(t)
A

. (16)

Substituting (16) into (15) yields the position of P∗ (Sepasiahooyi 
& Tang, 2024a): 

P∗
=

L+
+ Lsep − L−

2
. (17)

The quasi-linear behavior of lithium concentration within the 
separator domain is assumed, meaning that the concentration is 
approximated to vary linearly with respect to position, as shown 
in Fig.  2. Although the actual profile may exhibit some nonlinear-
ities, this assumption is sufficiently accurate for observer design. 
This assumption, combined with the condition csepe (t, P∗) = 0, 
leads to the following linear gradient-based boundary conditions:
∂c−

e

∂x
(t, L−) =

−c−
e (t, L−)
P∗

, (18)

∂c+
e

∂x
(t, L+) =

c+
e (t, L+)
Lsep − P∗

. (19)

Note that the boundary conditions (10) and (11) remain un-
changed. As a result, the electrolyte lithium concentration dy-
namics in the negative electrode, separator, and the positive 
electrode, with the boundary conditions at the terminal bound-
aries (7), coupled boundary conditions (10) and (11), and the 
modified uncoupled boundary conditions (18) and (19), form a 
cascaded system.
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3. Availability of electrolyte lithium concentration at the
boundaries c±

e (t, 0±)

For the closed-loop electrolyte observer, it is essential to de-
termine c±

e (t, 0±), which can be estimated using its relationship 
with other measurable parameters, such as the electrolyte diffu-
sion coefficient D±

e (t, 0
±) at the boundaries (Newman & Balsara, 

2021, Eq. (12.12)):

D±

e

(
c±

e (t, 0±)
)

= D
c±
e (t, 0±)
csolv

×

(
1 +

d ln γ̄ ± (Iion(m(t)))
d lnm(t)

)
, (20)

where D is the diffusion coefficient for the interaction of species, 
and its value has been determined using the nuclear magnetic 
resonance technique (Karatrantos et al., 2021) and csolv is the 
reference concentration of the solvent. In Newman and Balsara 
(2021), the mean molal activity coefficient γ̄ ± is assumed to be 
constant. In this study, to improve accuracy, γ̄ ± (Iion(m(t))) is 
treated as a function of the ionic strength Iion(m(t)), where m(t)
is the electrolyte molality. The term d ln γ̄ ±(Iion(m(t)))

d lnm(t)  represents 
the relative logarithmic derivative, which provides a dimension-
less normalized sensitivity. The molal activity coefficients of the 
electrolyte salt species γi(Iion(m(t))), i ∈ {an, ca} (i.e., anion and 
cation), in moderately concentrated electrolytes are described by 
the Davies equation (Cerrillo-Gonzalez, Villen-Guzman, Vereda-
Alonso, Rodríguez-Maroto, & Paz-Garcia, 2022, Eq. (12.12)):
log γi (Iion (m(t))) = −ADavz2i

×

( √
Iion (m(t))

1 +
√
Iion (m(t))

− 0.3Iion (m(t))
)

, (21)

for i ∈ {an, ca}. Here, ADav = 0.5085 and zi, i ∈ {an, ca} is the 
ionic charge of the electrolyte salt species, with zca = +1 and 
zan = −1. The molal ionic strength is defined as Newman and 
Balsara (2021, Eq. (4.26)): 

Iion (m(t)) =
1
2

∑
i∈{an,ca}

z2i mi(t). (22)

Given that most electrolyte salts in lithium-ion batteries are of 
the type 1:1 (e.g., LiPF6), the resulting cation and anion molal-
ities are equal, i.e., mca(t) = man(t). Under the full dissociation 
assumption, all dissolved salt dissociates completely into its ionic 
constituents, and each of these ion molalities becomes equal to 
the total salt molality, i.e., mca(t) = man(t) = m(t). Consequently, 
Eq. (22) simplifies to: 
Iion (m(t)) = m(t). (23)

Substitution of (23) into (21) yields: 

ln γi (m(t)) = −ADav ln(10) z2i

( √
m(t)

1 +
√
m(t)

− 0.3m(t)
)

. (24)

For simplicity, it is assumed that γca(m(t)) ≈ γan(m(t)) ≈

γ̄ ±(m(t)). Therefore, the last term in (20), obtained by differenti-
ating (24) with respect to m(t), is derived as:
d ln γ̄ ± (m(t))

d lnm(t)
=

d ln γ̄ ± (m(t))
dm(t)

·
dm(t)

d lnm(t)

=
d ln γ̄ ± (m(t))

dm(t)
m(t) = ADav ln(10)(z±)2

× m(t)
(

−1
2
√
m(t)(1 +

√
m(t))2

+ 0.3
)

, (25)

where z± denotes the ionic charge magnitude for either cation or 
anion. Although the electrolyte molality m(t) typically represents 
4

a bulk property, for consistency with the boundary concentration, 
a pointwise molality m±(t) is defined by adapting the expression 
in Newman and Balsara (2021, Eq. (2.17)) as follows: 

m±(t) =
c±
e (t, 0±)

ρ − Mc±
e (t, 0±)

, (26)

where ρ and M are the density of the solution and the molar mass 
of the electrolyte salt, respectively.

The reverse sensitivity of c±
e (t, 0±) to D±

e (c
±
e (t, 0±)) is:

∂D±
e

(
c±
e (t, 0±)

)
∂c±

e (t, 0±)
=

D

csolv

(
1 +

d ln γ̄ ±
(
m±(t)

)
d lnm±(t)

)

+
Dc±

e (t, 0±)
csolv

(
ADav ln(10)z2

(
1 − m±(t)

)
4
√
m±(t) (1 + m±(t))3

+ 0.3 ln(10)z2
(

ρ(
ρ − Mc±

e (t, 0±)
)2
) )

≜ h(t). (27)

Remark 1. D±
e (t, 0

±) can also be expressed as an exponential 
function of electrolyte concentration, based on molecular dynam-
ics simulations (Ravikumar, Mynam, & Rai, 2018): 

D±

e (c
±

e (t, 0±)) = D0 exp
(

−
c±
e (t, 0±)

CD

)
, (28)

where D0 is the diffusion coefficient at infinite dilution, available 
in Ravikumar et al. (2018) for a LiFePO4 cell. CD is the Arrhenius 
fitting constant, set to 0.472.

Another measurement related to c±
e (t, x) is the electrolyte 

conductivity κ±
e (c±

e (t, x)), given by the Einstein relation (Ecker 
et al., 2015): 

κ±

e (c±

e (t, x)) =
e2NAD±

e (c
±
e (t, x)) c±

e (t, x)
kBT

, (29)

where T  denotes the temperature, assumed constant throughout 
this study. kB, e, and NA denote the Boltzmann constant, the ele-
mentary charge, and the Avogadro constant, respectively. Due to 
the dependency of κ±

e (c±
e (t, 0±)) not only on c±

e (t, 0±) but also on 
D±
e (c

±
e (t, 0±)), conducting forward sensitivity analysis is complex; 

therefore, a reverse sensitivity analysis is performed. Using (27) 
and (29), reverse sensitivity of c±

e (t, 0±) to κ±
e (c±

e (t, 0±)) is de-

rived as: ∂κ±
e (c±

e (t, 0±))
∂c±

e (t, 0±)
=

e2NA

kBT

(
D±

e (c
±

e (t, 0±)) + c±

e (t, 0±) h(t)
)
.

Furthermore, the electrolyte resistance R±
e (c

±
e (t, 0±)) is another 

parameter related to c±
e (t, 0±) as follows (Sepasiahooyi & Tang, 

2024c): 

R±

e (c
±

e (t, 0±)) =
L±

2Aκ
±,eff
e

(
c±
e (t, 0±)

) , (30)

where κ±,eff
e

(
c±
e (t, 0±)

)
= κ±

e

(
c±
e (t, 0±)

)
·
(
ε±
e

)brug is the effective 
electrolyte conductivity. The reverse sensitivity of c±

e (t, 0±) to 
R±
e (c

±
e (t, 0±)) is:

∂R±
e (c

±
e (t, 0±))

∂c±
e (t, 0±)

= −
L±

2A
(
κ

±,eff
e (c±

e (t, 0±))
)2

×
e2NA

kBT

(
D±

e (c
±

e (t, 0±)) + c±

e (t, 0±)h(t)
)
. (31)

Remark 2. Measuring parameters at the terminal boundaries 
requires localized Electrochemical Impedance Spectroscopy (EIS), 
which is an offline technique. Typically, acquiring an EIS spec-
trum, which involves measurements at 60 frequencies spanning 
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35) 
Fig. 3. UDDS current profile.

Fig. 4. Reveres sensitivity of c−
e (t, 0−) to D−

e (c
−
e (t, 0−)).

from 100 kHz to 0.1 Hz, requires approximately 2 to 3 min 
to accomplish (Lazanas & Prodromidis, 2023). Integrating event-
triggered mechanisms into the observer is a future work to ad-
dress the offline nature of EIS.

This analysis is applied to an LiFePO4 cell, using the speci-
fications provided in Chiew, Chin, Toh, Gao, and Zhang (2019), 
under the Urban Dynamometer Driving Schedule (UDDS) current 
profile shown in Fig.  3, and assuming a constant temperature of 
T = 298 K. The density of the solution and the molar mass are 
taken to be ρ = 1289 kg/m3 and M = 0.151 kg/mol, respectively. 
To reflect EIS measurement noise, zero-mean Gaussian noise with 
a standard deviation of 2% (Lazanas & Prodromidis, 2023) is added 
to the measurements. The reverse sensitivities of c−

e (t, 0−) to 
D−
e (c

−
e (t, 0−)), κ−

e (c−
e (t, 0−)), and R−

e (c
−
e (t, 0−)) are illustrated in 

Fig.  4, Fig.  5, and Fig.  6, respectively. Due to space constraints, 
the simulation plots for the positive electrode are omitted and 
can be found in Sepasiahooyi and Tang (2024b). A comparison 
of the results reveals that, for LiFePO4 cells, the electrolyte resis-
tance at the boundaries exhibits the least variation with respect 
to changes in electrolyte concentration. The reverse sensitivity 
analysis indicates that c−

e (t, 0−) is more sensitive to R−
e (t, 0

−), 
suggesting that R−

e (t, 0
−) is the most reliable boundary measure-

ment for obtaining c−
e (t, 0−) to employ in the observer design. 

Although the sensitivity simulation results may vary depending 
on parameters and battery chemistries, the proposed approach 
is generic and applicable to a variety of batteries and different 
current profiles.

4. Electrolyte lithium concentration observers

In this section, backstepping PDE observers are designed for 
the electrolyte phase, beginning with the negative electrode, fol-
lowed by the separator, and then the positive electrode. For 
observer design purpose, we simplify the model (5)–(12) and 
make the following assumption: 

Assumption 3. The effective electrolyte diffusion coefficient
Dj,eff
e (c je(t, x)) = Dj

e

(
c je(t, x)

)
·

(
ε
j
e

)brug 
, j ∈ {−, sep, +}, is 

considered constant.

5

Fig. 5. Reveres sensitivity of c−
e (t, 0−) to κ−

e (c−
e (t, 0−)).

Fig. 6. Reveres sensitivity of c−
e (t, 0−) to R−

e (c
−
e (t, 0−)).

To facilitate observer design, the electrolyte PDEs are first 
normalized using the following coordinate changes: 

x̄ =
x
Lj

, t̄ =
Dj,eff
e

(Lj)2εj
e
t, (32)

where j ∈ {−, sep, +}. The negative electrode concentration 
dynamic, (5), (7), and (18), is normalized as:
∂c−

e (t̄, x̄)
∂ t̄

=
∂2c−

e (t̄, x̄)
∂ x̄2

+
L−(1 − t0c )

D−,eff
e F

I(t̄), (33)

∂c−
e

∂ x̄
(t̄, 0−) = 0, (34)

∂c−
e

∂ x̄
(t̄, 1−) =

−L−c−
e (t̄, 1−)
P∗

. (35)

A backstepping closed-loop observer for the normalized elec-
trolyte lithium concentration PDEs in the negative electrode (33)–(
is designed as follows:

∂ ĉ−
e

∂ t̄
(t̄, x̄) =

∂2ĉ−
e

∂ x̄2
(t̄, x̄) +

L−(1 − t0c )

D−,eff
e F

I(t̄)

+ k̄−

1 (x̄)(c
−

e (t̄, 0−) − ĉ−

e (t̄, 0−)), (36)
∂ ĉ−

e

∂ x̄
(t̄, 0−) = k̄−

10(c
−

e (t̄, 0−) − ĉ−

e (t̄, 0−)), (37)

∂ ĉ−
e

∂ x̄
(t̄, 1−) =

−L−ĉ−
e (t̄, 1−)
P∗

, (38)

where k̄−

1 (x̄) and k̄−

10 are observer gains, tuned to guarantee the 
stability of the state estimation error system c̃−

e (t̄, x̄) = c−
e (t̄, x̄)−

ĉ−
e (t̄, x̄).

∂ c̃−
e

∂ t̄
(t̄, x̄) =

∂2c̃−
e

∂ x̄2
(t̄, x̄) − k̄−

1 (x̄)c̃
−

e (t̄, 0−), (39)

∂ c̃−
e

∂ x̄
(t̄, 0−) = −k̄−

10c̃
−

e (t̄, 0−), (40)

∂ c̃−
e

∂ x̄
(t̄, 1−) =

−L−c̃+
e (t̄, 1−)
P∗

. (41)
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9) 
We aim to determine an invertible transformation: 

c̃−

e (t̄, x̄) = w̃(t̄, x̄) −

∫ x̄

0
k̄(x̄, y)w̃(t̄, y)dy, (42)

which satisfies the exponentially stable target system:

∂w̃

∂ t̄
(t̄, x̄) =

∂2w̃

∂ x̄2
(t̄, x̄) − αw̃(t̄, x̄), (43)

∂w̃

∂ x̄
(t̄, 0−) = 0, (44)

∂w̃

∂ x̄
(t̄, 1−) = −q−w̃(t̄, 1−), (45)

where q−
=

L−
P∗ , and α > 1

4  is a parameter that determines the 
convergence rate. From (39)–(45), the kernel system is obtained:
∂2k̄
∂ x̄2

(x̄, y) −
∂2k̄
∂y2

(x̄, y) = −αk̄(x̄, y), (46)

∂ k̄
∂ x̄

(1, y) = −q−k̄(1, y), (47)

k̄(x̄, x̄) = −
α

2
x̄. (48)

Solution of the kernel function is achieved as follows (Rath-
nayake, Diagne, Espitia, & Karafyllis, 2021):

k̄(x̄, y) =
−αq−√
α + (q−)2

×

∫ x̄−y

0
eq

−τ/2I0(
√

α(2 − x̄ − y)(x̄ − y − τ ))

× sinh

(√
α + (q−)2

2
τ

)
dτ

− α(1 − y)
I1
(√

α
(
(1 − y)2 − (1 − x̄)2

))√
α
(
(1 − y)2 − (1 − x̄)2

) , (49)

where Im(·), m ∈ {0, 1}, denotes the modified Bessel functions of 
the first kind of zero and first order (Krstic & Smyshlyaev, 2008). 
Accordingly, the observer gains k̄−

1 (x̄) and k̄−

10 will be obtained as:

k̄−

1 (x̄) = αk̄y(x̄, 0), (50)

k̄−

10 = −
α

2
. (51)

Lemma 1. Consider the normalized electrolyte lithium concentration 
PDE in the negative electrode (33)–(35) and the proposed state 
observer (36)–(38). For any initial data ĉ−

e (0, ·) ∈ L2(0, 1), under 
Assumptions  3–2, if α > 1

4 , then by selecting the observer gains in 
(50) and (51), the estimation error system (39)–(41) is exponentially 
stable in the sense of the L2 norm, in the presence of boundary 
measurement error. This implies that states of the observer (36)–(38) 
converge exponentially to the states of the system (33)–(35) in the 
spatial L2 norm.

Proof. The detailed proof with the Lyapunov function V1(t̄) =

1
2

∫ 1−

0 ω̃2(t̄, x̄)dx̄ is provided in Baccoli, Orlov, and Pisano (2014).
 □

The observer for the electrolyte lithium concentration within 
the negative electrode in the original unnormalized system (5), 
(7), and (18) is derived as follows:

∂ ĉ−
e

∂t
(t, x) =

D−,eff
e

ε−
e

∂2ĉ−
e

∂x2
(t, x) +

1 − t0c
FL−ε−

e
I(t)

+ k−(x)c̃−(t, 0−), (52)
1 e

6

∂ ĉ−
e

∂x
(t, 0−) = k−

10c̃
−

e (t, 0−), (53)

∂ ĉ−
e

∂x
(t, L−) =

ĉ−
e (t, L−)

P∗
, (54)

where the observer gains are:

k−

1 (x) =
D−,eff
e

(L−)2 ε−
e
k̄−

1 (x), (55)

k−

10 =
k̄−

10

L−
. (56)

Lemma 2. Consider the electrolyte lithium concentration PDE in 
the negative electrode (5), (7), and (18), and the state observer 
(52)–(54). For any initial data ĉ−

e (0, ·) ∈ L2(0−, L−), under Assump-
tions  3–2, if α > 1

4 , by selecting the observer gains as defined in 
(55) and (56), the states of the observer converge exponentially to 
the states of the original system in the spatial L2 norm.

Proof. Due to the coordinate changes (32), the stability of the 
observer for the original system in Lemma  2 directly follows 
Lemma  1. □

The electrolyte lithium concentration observer in the sepa-
rator operates in cascade with the electrolyte observer in the 
negative electrode, using the estimated boundary value ĉ−

e (t, L−)
obtained from the negative side to generate the boundary error 
for separator observer. The separator observer is first designed 
for the normalized system, similarly to the negative electrode. 
Then, the observer for electrolyte lithium concentration within 
the separator in the original system (6), (10), (11), (18) and (19) 
is proposed as:
∂ ĉsepe

∂t
(t, x) =

Dsep,eff
e

ε
sep
e

∂2ĉsepe

∂x2
(t, x)

+ ksep1 (x)(ĉ−

e (t, L−) − ĉsepe (t, 0sep)), (57)
∂ ĉsepe

∂x
(t, 0sep) =

ĉ−
e (t, 0sep)

P∗

− ksep10 (ĉ−

e (t, L−) − ĉsepe (t, 0sep)), (58)
∂ ĉsepe

∂x
(t, Lsep) =

ĉ+
e (t, Lsep)

P∗ + L− − L+
, (59)

where observer gains are defined as follows:

ksep1 (x) =
αDsep,eff

e

(Lsep)2 ε
sep
e

k̄y(x, 0), (60)

ksep10 = −
α

2Lsep
−

1
P∗Lsep

. (61)

Lemma 3. Consider the electrolyte lithium concentration PDE in the 
separator (6), (10), (11), (18), and (19), and the proposed state ob-
server (57)–(59). For any initial data ĉsepe (0, ·) ∈ L2(0sep, Lsep), under 
Assumptions  3–2, and for any α > 1

4 , if the observer gains are chosen 
as in (60) and (61), the observer states converge exponentially to the 
true separator states in the spatial L2 norm.

Proof. The convergence of the proposed separator observer (57)–(5
can be proved similar to Lemma  2, based on a similar coordinate 
changes as in (32) and Lyapunov function for the normalized 
system: V2(t̄) =

1
2

∫ 1sep

0 ω̃2(t̄, x̄)dx̄. □

Theorem 1. The separator observer (57)–(59) operates in cascade 
with the electrolyte observer in the negative electrode (52)–(54), 
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where the estimated boundary value ĉ−
e (t, L−), obtained from the 

negative electrode observer, is used to drive the separator observer. 
Given that the negative electrode and separator observers are ex-
ponentially stable (as shown in Lemmas  2 and 3, respectively), the 
overall cascaded observer system for any initial data ĉ-e(0, ·) ∈

L2(0-, L-) and ĉsepe (0, ·) ∈ L2(0sep, Lsep), under Assumptions  3–2, and 
for any α > 1

4  is exponentially stable in the L2 norm.

Proof. The convergence of the cascaded 
(
ĉ−
e , ĉsepe

)
-observer fol-

lows directly. A rigorous proof can be conducted in two steps. 
First, the convergence of the normalized cascaded observer can 
be established using the weighted Lyapunov function V3(t) =

aV1(t)+ V2(t), with a > 0 being an appropriately chosen positive 
weighting constant. Then, the convergence of the original cas-
caded 

(
ĉ−
e , ĉsepe

)
 observer follows by applying the corresponding 

coordinate changes (32). □

For electrolyte observer in the positive electrode, instead of 
using the estimated boundary value from the separator observer, 
we utilize EIS measurements to obtain c+

e (t, 0+). The observer is 
first designed for the normalized system, following the negative 
electrode procedure. Then observer for the original system is 
designed as:
∂ ĉ+

e

∂t
(t, x) =

D+,eff
e

ε+
e

∂2ĉ+
e

∂x2
(t, x) +

1 − t0c
FL+ε+

e
I(t)

+ k+

1 (x)(c
+

e (t, 0+) − ĉ+

e (t, 0+)), (62)
∂ ĉ+

e

∂x
(t, 0+) = k+

10(c
+

e (t, 0+) − ĉ+

e (t, 0+)), (63)

∂ ĉ+
e

∂x
(t, L+) =

ĉ+
e (t, L+)

P∗ + L− − L+
. (64)

The observer gains are defined as follows:

k+

1 (x) =
αD+,eff

e

(L+)2 ε+
e
k̄y(x, 0), (65)

k+

10 = −
α

2L+
. (66)

Here, q− in (49) is replaced by q+
=

−L+
P∗+L−−L+ . 

Theorem 2. Consider the electrolyte lithium concentration PDE in 
the positive electrode (5), (7), and (19), along with the proposed state 
observer (62)–(64). For any initial data ĉ+

e (0, ·) ∈ L2(L+, 0+), under 
Assumptions  3–2, if α > 1

4 , then by selecting the observer gains as 
in (65) and (66), with q− replaced by q+

=
−L+

P∗+L−−L+ , the states 
of the designed observer converge exponentially to the states of the 
original system in the spatial L2 norm.

Proof. The convergence can be proved similarly to Lemma  2. □

5. Enhanced solid-phase lithium concentration observer

This section first outlines the process of obtaining surface 
solid-phase lithium concentration in the positive electrode c+

ss (t). 
Subsequently, the solid-phase observers and SoC estimation are 
presented.

5.1. Availability of c+
ss (t) via voltage function inversion

To obtain c+
ss (t), the battery voltage V (t) (13) is used. Given 

that V (t) and c±
e (t, 0±) are measurable, a relationship between 

c+
ss (t) and c−

ss (t), if available, allows c+
ss (t) to be obtained via 

inversion of the voltage function. The total moles of lithium in 
the solid phase are given by (Moura et al., 2014): 

nLi,s(t) =

∑ εi
sL

i

4 (
i
)3 ∫ Ris

0
4πr2c is(t, r)dr. (67)
i∈{+,−} 3π Rs

7

Assumption 4. The total number of lithium moles in the solid 
phase remains constant, i.e., nLi,s(t) = nLi,s.

By defining the averaged concentrations as: 

c̄±

s (t) =
3(

R±
s
)3 ∫ R±

s

0
r2c±

s (t, r) dr, (68)

Eq. (67) can be expressed as: 
nLi,s = ε+

s L
+c̄+

s (t) + ε−

s L
−c̄−

s (t), (69)

which gives 
c̄−

s (t) = θ c̄+

s (t) + β, (70)

where θ = −
ε+
s L+

ε−
s L−

 and β =
nLi,s
ε−
s L−

. Moreover, the solid phase 
lithium concentration dynamics can be approximated using poly-
nomial solution profiles as (Tang et al., 2017): 

c̄±

s (t) = c±

ss (t) −
8R±

s

35
q̄±

s (t) +
R±
s

35D±
s
j±(t), (71)

where j±(t) = ∓
I(t)

a±
s FL±

 and the volume averaged fluxes q̄±
s (t)

satisfy

d
dt

q̄±

s (t) = −
30D±

s(
R±
s
)2 q̄±

s (t) −
45

2
(
R±
s
)2 j±(t).

Substituting (71) into (70), one obtains:

c−

ss (t) = θ

(
c+

ss (t) −
8R+

s

35
q̄+

s (t) +
R+
s

35D+
s
j+(t)

)
+ β

+
8R−

s

35
q̄−

s (t) −
R−
s

35D−
s
j−(t). (72)

Thus, based on (72), the voltage function is given by: 
V (t) ≜ ν2

(
t, c+

ss (t), c
±

e (t, 0±), I(t)
)
. (73)

The function ν2(·) indicates the variables on which V (t) depends, 
showing that the expression is now more compact compared to 
(13), as it eliminates the dependence on c−

ss (t). As long as (73) is 
a one-to-one correspondence with respect to c̄+

ss (t), uniformly in 
I(t), the inversion of voltage function can be derived. As detailed 
in Remark  2, c±

e (t, 0±) can be obtained by measuring related 
parameters using the EIS technique. Consequently, given access 
to c±

e (t, 0±) and V (t), the surface lithium concentration in the 
positive electrode c+

ss (t) can be determined as: 

c+

ss (t) ≜ ν3(t, V (t), c±

e (t, 0±), I(t)), (74)

where function ν3(·) is the inversion of ν2(·).

5.2. Solid phase lithium concentration observers

By utilizing the surface particle concentration c+
ss (t), obtained 

through the inversion of the SPMe voltage function as discussed 
in Section 5.1, the observer for the solid-phase lithium concen-
tration in the positive electrode (1)–(3) is given as (Moura et al., 
2016):

∂ ĉ+
s

∂t
(t, r) = D+

s

[
2
r

∂ ĉ+
s

∂r
(t, r) +

∂2ĉ+
s

∂r2
(t, r)

]
+ p̄+

1 (r)
(
c+

ss (t) − ĉ+

ss (t)
)
, (75)

∂ ĉ+
s

∂r
(t, 0) = 0, (76)

∂ ĉ+
s

∂r

(
t, R+

s

)
=

I(t)
D+
s Fa+

s L+
+ p̄+

0 (t)
(
c+

ss (t) − ĉ+

ss (t)
)
,

(77)
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where the observer gains are computed as follows:

p̄+

1 (r) =
−λD+

s

2R+
s z̄

[
I1(z̄) −

2λ
z̄

I2(z̄)
]

, (78)

p̄+

0 =
1

2R+
s
(3 − λ), for λ <

1
4
, (79)

where z̄ =

√λ

(
r2(
R+
s

)2 − 1

)
. The observer for the solid-phase 

lithium concentration in the negative electrode (1)–(3) is given 
by (Moura et al., 2016):
∂ ĉ−

s

∂t
(t, r) = D−

s

[
2
r

∂ ĉ−
s

∂r
(t, r) +

∂2ĉ−
s

∂r2
(t, r)

]
+ p̄−

1 (r)
(
c+

ss (t) − ĉ+

ss (t)
)
, (80)

∂ ĉ−
s

∂r
(t, 0) = 0, (81)

∂ ĉ−
s

∂r

(
t, R−

s

)
=

I(t)
D−
s Fa−

s L−
+ p̄−

0

(
c+

ss (t) − ĉ+

ss (t)
)
, (82)

where observer gains are

p̄−

0 = −
a+
s L

+D+
s

a−
s L−D−

s
p̄+

0 , (83)

p̄−

1 = −
a+
s L

+(
R+
s
)2

ε−
s L−

∫ R+
s

0
r2p̄+

1 (r)dr. (84)

For solid-phase observer design, it is assumed that nLi,s is known 
and the initial condition estimates satisfy 

nLi,s =

∑
i∈{+,−}

εi
sL

i

4
3π (Ri

s)3

∫ Ris

0
4πr2ĉ is(0, r) dr. (85)

If the initial concentration estimates are assumed to be uniform 
in r , then (85) simplifies to: 
nLi,s = ε+

s L
+ĉ+

s,0 + ε−

s L
−ĉ−

s,0. (86)

Theorem 3. Consider the solid phase lithium concentration PDEs 
(1)–(3) and designed observers for positive an negative electrodes in 
(75)–(77) and (80)–(82), respectively. For any initial data c±

s,0(·) ∈

L2(0, R±
s ), the states of the designed observer converges asymptot-

ically to the states of the original system in the spatial L2 norm if 
ĉ±
s (0, r) verifies (86).

Proof. The stability proof can be found in Theorem 1 of Moura 
et al. (2016). Note that the surface measurement c+

ss (t) used in 
the observer is derived as described in Section 5.1, based on 
electrolyte concentrations at the boundaries and the inversion of 
the voltage function, which differs from the approach in Moura 
et al. (2016). □

The estimated SoC, ŜoC(t), can be derived by employing
ĉ−
s (t, r), obtained from the observer (80)–(82): 

ŜoC(t) =
3

c−
s,max

∫ 1

0
r2ĉ−

s (t, r) dr. (87)

Incorporating the boundary electrolyte concentration into the 
voltage function inversion improves the estimation of ĉ−

s (t, r), 
resulting in enhanced SoC accuracy.

6. Simulation

To assess the observers’ performance, simulations are con-
ducted using the LiFePO4 cell and the UDDS current profile de-
scribed in Section 3. The electrolyte observers, designed based 
8

Fig. 7. Error in c−
e (t, x) between models with original and modified boundary 

conditions.

Fig. 8. True electrolyte lithium concentration in the negative electrode c−
e (t, x).

Fig. 9. Estimation error of the electrolyte lithium concentration in the negative 
electrode c̃−

e (t, x).

on the SPMe with modified boundary conditions, are compared 
against the SPMe with its original boundary conditions (5)–(12), 
which serves as the truth model. The SPMe model with orig-
inal boundary conditions has been verified against the Doyle–
Fuller–Newman (DFN) model in Moura et al. (2016). Fig.  7 illus-
trates the error in c−

e (t, x) between the SPMe with the original 
and modified boundary conditions. Fig.  8 illustrates the true elec-
trolyte lithium concentration in the negative electrode c−

e (t, x). 
In Fig.  8 the electrolyte lithium concentration is initialized at 
c−
e (0, x) = 2 kmol/m3, whereas for the observer, the initial 
condition is set differently as ĉ−

e (0, x) = 1.1 kmol/m3. The 
boundary measurement c−

e (t, 0−) is obtained from the electrolyte 
resistance versus lithium concentration plot derived from EIS ex-
periments in Prada et al. (2012). To account for EIS measurement 
uncertainty, zero-mean Gaussian noise with a standard deviation 
of 2% (Lazanas & Prodromidis, 2023) is added to the measure-
ments. The tuning parameter α is chosen as 0.95. For simulation, 
the PDEs are discretized into ordinary differential equations using 
the forward finite difference method. In Fig.  9 the estimation error 
of lithium concentration within the negative electrode c̃−

e (t, x) is 
demonstrated. Initially, a significant error occurs due to different 
initial conditions, which then decreases and converges over time.

The estimated electrolyte lithium concentration in the separa-
tor is shown in Fig.  10. As evident from the plots, the concen-
tration in the separator region follows a linear trend, aligning 
perfectly with the quasi-linear assumption used to derive the 
modified boundary condition. The estimation errors of the lithium 
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Fig. 10. Estimation of electrolyte lithium concentration in the separator 
ĉsepe (t, x).

Fig. 11. Estimation error of electrolyte lithium concentration (a) in the positive 
electrode (b) in the separator.

concentration in the positive electrode c̃+
e (t, x) and the separator 

c̃sepe (t, x) are illustrated in Fig.  11(a) and Fig.  11(b), respectively. 
It can be seen that the error at the initial step quickly diminishes 
and eventually converges. For the solid-phase lithium concen-
tration simulation, the initial conditions are set as c−

s (0, r) =

25 kmol/m3 and ĉ−
s (0, r) = 24.75 kmol/m3, ∀r ∈

[
0, 4 × 10−5

]
and the tuning parameter λ is set to −0.5. Fig.  12 illustrates 
the estimation error of the solid-phase lithium concentration in 
the negative electrode c̃−

s (t, r), showing convergence over time. 
Fig.  13 illustrates the comparison between the true SoC and its 
estimated values. True SoC is the black curve. The blue curve 
(ŜoC(t)) shows the SoC estimated using the solid-phase observer, 
with the boundary condition derived from the inversion of the 
voltage function, where the electrolyte concentration is estimated 
using the proposed closed-loop observer in this study. The red 
curve (ŜoCOL(t)) shows the SoC estimated using a solid-phase 
observer with a boundary condition derived from the inversion 
of the voltage function, where the electrolyte concentration is 
estimated using the open-loop observer proposed in Moura et al. 
(2016). The closed-loop approach yields a more accurate SoC 
estimation compared to the SoC estimation obtained based on the 
open-loop observer.
9

Fig. 12. Solid phase lithium concentration estimation error c̃−
s (t, r).

Fig. 13. True SoC(t), estimated SoC using the observer proposed in this study: 
ŜoC(t), and estimated SoC using the observer in Moura et al. (2016): ŜoCOL(t).

7. Conclusion and future works

This paper proposes observers for the lithium concentration 
in the electrolyte phase using the SPMe with modified boundary 
conditions. A reverse sensitivity analysis is conducted to identify 
the most suitable measurement correlated with the electrolyte 
lithium concentration to find the boundary error. Additionally, 
by introducing a more reliable inversion of the voltage function, 
an accurate estimation of solid-phase lithium concentration and 
SoC is achieved. Finally, simulations are conducted to verify the 
performance of the proposed schemes. As future work, the origi-
nal coupled boundary condition could be employed instead of the 
modified one. Given that EIS is an offline technique, integrating 
the event-triggered concept (Espitia, Karafyllis, & Krstic, 2021) 
into the observer offers a potential direction for enhancement. 
Extending the proposed observer to an adaptive framework to 
account for aging effects (Moura et al., 2014), as well as in-
corporating temperature effects (Ferreira & Tang, 2025b), are 
potential directions for future work. In the simulation analysis, 
the observers can be applied to a more accurate model, such as 
the DFN model, and the results compared accordingly.
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