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Abstract— Faults in lithium-ion batteries can diminish perfor-
mance and shorten lifespan. One notable electrochemical fault
arises from the loss of lithium concentration in the electrolyte,
which can lead to degradation over time. This paper studies
the detection and estimation of electrolyte lithium concentration
degradation fault in battery cells. The proposed model-based
fault detection scheme consists of two cascaded closed-loop Par-
tial Differential Equation (PDE) observers. The first observer,
state observer, estimates the distributed lithium concentration
in the electrolyte. The second observer, fault estimator, utilizes
the concentration estimated by the first observer to detect and
estimate the electrolyte lithium concentration fault. The scheme
is validated through simulations conducted on a LiFePO4

battery cell under an Urban Dynamometer Driving Schedule
(UDDS) current profile.

Index Terms— Lithium-ion battery; Degradation; Elec-
trolyte; Fault detection; Fault estimation.

I. INTRODUCTION

Faults in lithium-ion batteries can arise due to electro-
chemical, thermal, or mechanical factors, potentially affect-
ing performance, safety, and longevity [1]. One of the signif-
icant factors contributing to the aging of lithium-ion batteries
is the loss of electrolytes [2]. High cell voltage and elevated
temperatures can cause electrolyte decomposition, leading
to a loss of lithium inventory and eventual capacity fade. In
addition, at low temperatures, lithium plating significantly
contributes to performance degradation, including loss of
lithium inventory [3]. This paper studies electrolyte lithium
concentration faults, which occur due to electrolyte loss in
the battery. This fault will be caused by battery degradation
mechanism such as Solid Electrolyte Interphase (SEI) growth
[4]. Identifying electrolyte faults is beneficial for diagnosing
battery health. Equivalent circuit models are effective for
identifying electrical faults such as short circuits [5]. How-
ever, they cannot effectively detect electrochemical faults.
Electrochemical battery models provide representation of
lithium concentration dynamics and are suited for identifying
such faults.

In [6], electrode-level faults are detected by reformu-
lating the PDEs of the Single Particle Model (SPM) into
Ordinary Differential Equations (ODEs) and designing an
ODE observer. Ferdowsi et al. in [7] worked on solid-phase
lithium concentration faults, through the design of PDE
observers and subsequently estimating the remaining useful
life of the battery. In [8], electrochemical faults, including a
decrease in diffusion coefficient, changes in particle size and
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porosity, and electrical contact loss, are detected, isolated,
and estimated. In [9], two cascaded observers are employed
to detect and estimate the distributed temperature fault of a
battery cell.

In this study, we focus on detecting and estimating dis-
tributed electrolyte lithium concentration fault by designing
two cascaded PDE observers: state observer for estimating
the distributed electrolyte lithium concentration and the fault
estimator for electrolyte fault diagnosis. The main contribu-
tions of this work are as follows:

• To the best of the authors’ knowledge, this is the first
time a model-based electrolyte-level fault detection and
estimation scheme has been studied.

• The state estimation error for the observer estimating
the system’s state is assumed to be zero in Assumption
2 of [9], where our paper relaxes this assumption and
explicitly accounts for estimation error.

• In [9], the fault is represented as a mathematically
oriented function, whereas in this paper, an electrolyte
fault expression with physically meaningful relevance
is proposed.

• Compared to fault model in [7], which focuses on
solid-phase lithium concentration degradation faults,
we extend the electrolyte-phase lithium concentration
degradation fault model by incorporating additional
physically relevant terms.

In the rest of this paper, the nominal (fault-free) battery
model is presented in Section II. In Section III, the system
integrated with the fault is introduced, followed by the pro-
posed fault function. The fault detection scheme is detailed
in Section IV, with simulation results provided in Section V.
Finally, Section VI presents the conclusion and future work.

II. SYSTEM MODEL

In this section, the electrolyte lithium concentration PDEs
in the nominal battery model are presented. The schematic of
the Single Particle Model with electrolyte (SPMe) dynamics
is shown in Fig. 1. The current I(t̄) and terminal voltage
V (t̄) are the system’s input and output, respectively. t̄ and
x̄ are the temporal and spatial coordinates, respectively. In
this paper, the following assumption is considered:

Assumption 1. Electrolyte effective diffusion coefficient,
Di,eff

e (cie(t̄, x̄)), i ∈ {−, sep, +}, remains constant.

The electrolyte lithium concentration in the positive and
negative electrode c±e (t̄, x̄), and modified boundary condi-
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Fig. 1: Schematic of SPMe

tions [10] are described as:

∂c±e
∂t̄

(t̄, x̄) =
D±,eff

e

ε±e

∂2c±e (t̄, x̄)

∂x̄2
∓ (1− t0c )

ε±e FL± I(t),

t̄ > 0, x̄ ∈ (0±, L±), (1)
∂c±e
∂x̄

(t̄, 0±) = 0, t̄ ≥ 0, (2)

∂c−e
∂x̄

(t̄, L−) =
−c−e (t̄, L−)

P ∗ , t̄ ≥ 0, (3)

∂c+e
∂x̄

(t̄, L+) =
c+e (t̄, L

+)

Lsep − P ∗ , t̄ ≥ 0, (4)

where εie, i ∈ {−, sep,+} denotes electrolyte phase volume
fraction. t0c is transference number and Li, i ∈ {−, sep,+}
is the thickness of the battery regions. P ∗ is the equilibrium
point, defined as P ∗ = Lsep+L+−L−

2 . The electrolyte lithium
concentration in the separator csep

e (t, x), and the modified
boundary conditions are described as:

∂csep
e

∂t̄
(t̄, x̄) =

Dsep,eff
e

εsep
e

∂2csep
e (t̄, x̄)

∂x̄2
,

Dsep,eff
e

∂csep
e

∂x̄
(t̄, 0sep) =

−c−e (t̄, L−)

P ∗ ,

Dsep,eff
e

∂csep
e

∂x̄
(t̄, Lsep) =

c+e (t̄, L
+)

Lsep − P ∗ .

The initial conditions of the states represents as follows:

cie(0, x̄) = cie,0(x̄), i ∈ {−, sep,+} .

Remark 1. The electrolyte lithium concentration PDEs in
the negative electrode, positive electrode, and separator have
coupled boundary conditions. By considering an equilibrium
point in the separator region and assuming that the elec-
trolyte lithium concentration in the separator is quasi-linear,
the boundary conditions can be decoupled [11]. To facilitate
observer design, these decoupled modified boundary condi-
tions are employed.

III. FAULT INTEGRATED SYSTEM AND FAULT MODEL

In this section, the dynamics of the electrolyte lithium con-
centration, incorporating the electrolyte fault, are presented,
followed by the proposed distributed fault.

A. Fault integrated system

Electrolyte lithium concentration loss, a consequence of
aging in lithium-ion batteries, results from degradation mech-
anisms such as SEI film formation and side reactions caused
by the decomposition of the liquid electrolyte. This phe-
nomenon is modeled as the added electrolyte fault f−e (t̄, x̄)
to the electrolyte concentration in the negative electrode:

∂c−e
∂t̄

(t̄, x̄) =
D−,eff

e

ε−e

∂2c−e (t̄, x̄)

∂x̄2
+

(1− t0c )a
−
s

ε−e FL− I(t̄) + f−e (t̄, x̄).

(5)

Remark 2. Given the more significant SEI effect on the
electrolyte lithium concentration in the negative electrode
compared to the positive electrode, this work focuses on the
negative electrode. This approach can be easily extended to
the positive electrode.

B. Fault function

The distributed electrolyte fault function f−e (t̄, x̄) in (5) is
assumed as follows [7]:

f−e (t̄, x̄) = θΩ(t̄− tfau)βSEI(x̄)c
−
e (t̄, L−), (6)

where tfau denotes the time at which the fault occurs in the
system. The first term θ, which represents the fault’s mag-
nitude, is treated as an unknown parameter. The remaining
terms, which are known terms, are considered based on the
following assumption.

Fig. 2: Position-dependent SEI growth for Lithium Manganese
Oxide battery [12].

Assumption 2 (Fault time profile). The time growth of the
fault Ω(τ), satisfies the following function [7]:

Ω(τ) =

{
0, τ < 0

1− e−ατ , τ ≥ 0

where α is constant of proportionality that comes from
population growth model [13], and τ is the time at which
the fault occurs in the system.

Assumption 3 (Fault growth rate). Based on the position-
dependent plot of the SEI layer, as shown in Fig. 2 [12, Fig.
13], the SEI growth rate is assumed to be proportional to
the spatial coordinate, defined as:

βSEI(x̄) := βSEI,0− +
βSEI,L− − βSEI,0−

L− x̄,
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where βSEI,0− = βSEI(0
−) and βSEI,L− = βSEI(L

−) are the
SEI growth rate at the current collector/negative electrode
and separator/negative electrode boundaries, respectively.

Assumption 4 (Lithium concentration effect). The elec-
trolyte fault has a proportional relation with the lithium
concentration at the electrolyte boundary c−e (t̄, L−), similar
to the modeling of electrode faults in [7].

The growth rate at the negative electrode/separator inter-
face is more pronounced than in other regions of the negative
electrode [12]. Consequently, the lithium concentration at the
L− boundary is considered.

IV. FAULT DETECTION SCHEME

The two cascaded observer scheme for fault diagnosis
is shown in Fig. 3. The first observer functions as a state

Fig. 3: Proposed observer scheme

observer, estimating the distributed electrolyte lithium con-
centration under both healthy and faulty conditions. The
second observer, acting as a fault estimator, utilizes the
state estimated by the first observer to detect and estimate
electrolyte lithium concentration fault.

A. Normalized system

To facilitate the observer design, normalization is applied
to (1)-(3). The spatial and temporal coordinates are scaled
as x = x̄

L− and t = D−,eff
e

ε−e (L−)2
t̄, respectively. The normalized

lithium concentration in the electrolyte within the negative
electrode, along with its normalized boundary conditions, is
outlined as follows:

∂c−e (t, x)

∂t
=
∂2c−e (t, x)

∂x2
+
L−(1− t0c)

D−,eff
e F

I(t)

+ f−e (t, x), t > 0, x ∈ (0, 1), (7)
∂c−e
∂x

(t, 0−) = 0, t ≥ 0, (8)

∂c−e
∂x

(t, 1−) =
−L−c−e (t, 1−)

P ∗ , t ≥ 0. (9)

B. Observer design

1) State observer: Utilizing the electrolyte concentration
at the boundary c−e (t, 0−), the state observer is designed as

follows:

∂ĉ−e,1

∂t
(t, x) =

∂2ĉ−e,1
∂x2

(t, x) +
L−(1− t0c)

D−,eff
e F

I(t)

− k1(x)(c
−
e (t, 0−)− ĉ−e,1(t, 0

−)), (10)

∂ĉ−e,1

∂x
(t, 0−) = k10(c

−
e,1(t, 0

−)− ĉ−e,1(t, 0
−)), (11)

∂ĉ−e,1

∂x
(t, 1−) =

−L−ĉ−e,1(t, 1
−)

P ∗ , (12)

where k1(x) and k10 are the observer gains. The observer
gains will be determined such that ĉ−e (t, x) converges to
c−e (t, x) as time approaches infinity. State estimation error
system c̃−e,1(t, x) = c−e (t, x)− ĉ−e,1(t, x) is obtained as:

∂c̃−e,1

∂t
(t, x) =

∂2c̃−e,1

∂x2
(t, x) + k1(x)c̃

−
e,1(t, 0

−), (13)

∂c̃−e,1

∂x
(t, 0) = −k10c̃−e,1(t, 0

−), (14)

∂c̃−e,1

∂x
(t, 1−) =

−L−c̃−e,1(t, 1
−)

P ∗ . (15)

By applying the following invertible transformation [14]:

c̃−e,1(t, x) = w̃(t, x)−
∫ x

0

k(x, y)w̃(t, y) dy, (16)

so that ω̃ satisfies the following target system [9]:

∂w̃

∂t
(t, x) =

∂2w̃

∂x2
(t, x) + f−e (t, x)− γw̃(t, x),

∂w̃

∂x
(t, 0) = 0,

∂w̃

∂x
(t, 1−) = −q−w̃(t, 1−),

where q− = L−

P∗ , and γ ≥ −1
4 is a chosen parameter that

determines the convergence rate of the estimated states to
the system states. The gain karnel k(x, y) in (16) satisfies
the following PDE system:

∂2k

∂x2
(x, y)− ∂2k

∂y2
(x, y) = −γk(x, y), (17)

∂k

∂x
(1, y) = −q−k(1, y), (18)

k(x, x) = −γ
2
x, (19)

and the solution of the kernel function PDE (17)-(19) is
achieved as follows [15]:

k(x, y) =
−γq−√
γ + (q−)2

×
∫ x−y

0

eq
−τ/2I0(

√
γ(2− x− y)(x− y − τ))

× sinh

(√
γ + (q−)2

2
τ

)
dτ

− γ(1− y)
I1

(√
γ ((1− y)2 − (1− x)2)

)
√
γ ((1− y)2 − (1− x)2)

,
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where Im(·) is the modified Bessel function of the first kind,
and m denotes the order of the Bessel function [14, Appendix
A.2]. The observer gains k1(x) and k10 are determined to
ensure the stability of the estimation error system (13)-(15)
by solving the kernel function, and are obtained as follows:

k1(x) = −ky(x, 0),

k10 = −γ
2
.

Remark 3. Note that the lithium electrolyte concentration
at the boundaries can be determined by measuring related
parameters, such as electrolyte resistance at the boundaries,
using Electrochemical Impedance Spectroscopy (EIS), as
thoroughly discussed in [16].

Theorem 1. Consider the error dynamics (13)-(15). Under
assumptions 1-4 for any initial condition, if γ ≥ − 1

4 , due to
the invertibility of the transformation (16):
1) In the absence of fault (f−e (t, x) = 0,∀(t, x) ∈ [0,∞] ×
[0, 1−]), the estimation error is exponentially stable in the
sense of the spatial L2 norm.
2) In the presence of fault (f−e (t, x) ̸= 0,∃(t, x), t ∈ [0,∞]×
[0, 1−]), the estimation error remains bounded.

Proof. Detailed proofs for both cases are provided in [9],
with ∆ωQ(t, x) replaced by f−e (t, x).

2) Fault estimator: Using the estimated lithium elec-
trolyte concentration distribution ĉ−e,1(t, x), produced by the
state observer, the fault estimator is proposed as follows:

∂ĉ−e,2

∂t
(t, x) =

∂2ĉ−e,2

∂x2
(t, x) +

L−(1− t0c)

D−,eff
e F

I(t)

+ θ̂(t)ψ(t, x) + k2
(
ĉ−e,1(t, x)− ĉ−e,2(t, x)

)
,

(20)

∂ĉ−e,2

∂x
(t, 0−) = k10c̃

−
e,1(t, 0

−)− 1

2
c̃−e,3(t, 0

−), (21)

∂ĉ−e,2

∂x
(t, 1−) =

−L−ĉ−e,1(t, 1
−)

P ∗ , (22)

where ψ(t, x) = Ω(t − tfau)βSEI(x)c
−
e (t, 1−) is the known

term of fault. The observer gain k2 will be determined later
in such a way that it guarantees the stability of the estimation
error c̃−e,2(t, x) = c−e (t, x)− ĉ−e,2(t, x), for which the system
is given by:

∂c̃−e,2

∂t
(t, x) =

∂2c̃−e,2

∂x2
(t, x)− θ̃(t)ψ(t, x)

− k2
(
ĉ−e,1(t, x)− ĉ−e,2(t, x)

)
,

∂c̃−e,2

∂x
(t, 0−) = −k10c̃−e,1(t, 0−),

∂c̃−e,2

∂x
(t, 1−) =

−L−c̃−e,1(t, 1
−)

P ∗ ,

where θ̃(t) = θ− θ̂(t). The function θ̃(t) is chosen to satisfy
the following update law:

˙̂
θ(t) =

1

k3

∫ 1

0

ψ(t, x)c̃e,3(t, x) dx− θ̂(t) ∥c̃e,3(t, ·)∥ , (23)

where c̃−e,3(t, x) = ĉ−e,1(t, x) − ĉ−e,2(t, x) and k3 > 0 is a
selected gain that regulates the rate at which the parameter
converges, and ∥ · ∥ denotes the L2-norm.

The threshold level, denoted by ϵ, is considered non-
zero to account for the uncertainty effect, as defined by
the probability of false alarm approach [9]. the system is
considered fault-free when the residual signal remains below
or equal to the threshold, i.e., θ̂(t) ≤ ϵ and fault is detected
when the residual signal exceeds threshold θ̂(t) > ϵ. Note
that in this study, the residual signal is defined as the state
estimation error and is used for fault detection when it
exceeds a threshold level.

Theorem 2. Consider the electrolyte lithium concentration
in (7)-(9) and the proposed observer (20)-(22) with the
update law in (23). If k2 < 1/4 and k3 > 0, then for
any initial conditions under the given assumptions 1-4, the
distributed state estimation error c̃−e,2(t, x) and the parameter
estimation error θ̃(t) are uniformly ultimately bounded under
conditions (24) and (25) with the ultimate bound given in
(26).

Proof. Consider the following Lyapunov function candidate:

W2(t) =
1

2

∥∥c̃−e,3(t, ·)
∥∥2 + k3

2
θ̃(t)2.

By taking its time derivative and applying integration by
parts and the Poincaré inequality [14, Lemma 2.1], one can
obtain:

Ẇ2(t) ≤
∫ 1

0

∥c̃e,3(t, ·)∥
(
−
(
1

4
− k2

)
∥c̃e,3(t, ·)∥ − ξδ

− ψmaxθmax + k3

(∣∣∣θ̃(t)∣∣∣− 1

2
θmax

)2

+
k3
4
θmax

)
dx,

where ξ := maxx∈[0,1] k1(x), and δ :=
supt∈[0,∞] c̃e,1(t, 0

−).
Define h(t) =

[∥∥c̃−e,3(t, ·)
∥∥ θ̃(t)

]
, it can be concluded

that:

min{1, k3}∥h(t)∥2 ⩽W2(t) ⩽ max{1, k3}∥h(t)∥2.

By considering α1(r) = min{1, k3}r2 and α2(r) =
max{1, k3}r2, based on [17, Section 4.8], if k2 < 1

4 , under
one of the following conditions:

∥c̃e,3(t, ·)∥ ≥
δξ + ψmaxθmax +

k3

4 θmax
1
4 − k2

:= µ1, (24)

∣∣∣θ̃(t)∣∣∣ ≥
√
δξ + ψmaxθmax +

k3

4 θ
2
max

k3
+
θmax

2
:= µ2, (25)

the estimation error h(t) is uniformly ultimately bounded.
Indeed, define

µ =
∣∣[µ1 µ2

]∣∣ ,
where |·| denotes 2-norm, then based on [17, Section 4.8], for
every initial states h(0), satisfying ∥h(0)∥ ≤ α−1

2 (α1(r)),
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there is T ≥ 0 (dependent of h(0) and µ) such that [17,
Section 4.8]:

∥h(t)∥ ≤ b = α−1
1 (α2(µ)) =

√
max{1, k3}
min{1, k3}

µ,∀t ≥ T.

(26)

From (24), increasing k2 increases the ultimate bound by
influencing µ. Based on (26), it can be concluded that:

• Case 1: If 0 < k3 ≤ 1, then b = µ
√

1
k3

. Thus,
increasing k3 will reduce the ultimate bound.

• Case 2: If k3 > 1, then b = µ
√
k3. Thus, decreasing

k3 will reduce the ultimate bound.
Therefore, we choose k3 = 1.

V. SIMULATION

The simulation is conducted on a LiFePO4 battery cell
with the parameters referenced from Table 1 in [18]. The
temperature is kept constant at T = 298K. The UDDS input
current profile [19] is depicted in Fig. 4. The estimation error

Fig. 4: UDDS current profile

c̃−e,1(t, x) of the state observer (10)-(12) is plotted in Fig. 5.
The initial conditions for the original system and the observer
are selected to be different to ensure the convergence of the
design. The fault function for the simulation is defined as

Fig. 5: Estimation error c̃−e,1(t, x) in the absence of fault

follows:

fe(t, x) = 50(1− e−0.0001(t−1000))c−e (t, 1−)

×
(
βSEI(0

−) +
(
βSEI(1

−)− βSEI(0
−)
)
x
)
, (27)

where βSEI(0
−) = 31 × 10−13 and βSEI(1

−) = 36 × 10−13

[12]. The distributed fault, injected into the system at tfau =

Fig. 6: Distributed fault f−
e (t, x).

1000 s, is illustrated in Fig. 6. As t increases, the second
term of (27), 1−e−0.0001(t−1000), which represents the fault
time profile, approaches 1. The last term remains small due
to the slow growth rate and minimal thickness of the SEI
layer. Therefore, the dominant component of the fault will
be c−e (t, 1−). This dominant effect is evident in Fig. 6, where,
after the occurrence of the fault in the system at tfau ≥
1000 s, the fault behavior closely resembles the system state.
In the presence of the fault, the estimated state is shown in
Fig. 7. After the fault is injected, the lithium concentration

Fig. 7: Estimated electrolyte lithium concentration in the negative
electrode ĉ−e,2(t, x) in the presence of fault

increases, as illustrated in Fig. 8. The estimation error in

Fig. 8: Comparison of true electrolyte lithium concentration
c−e,2(t, 1

−) in the presence and absence of fault

the presence of fault is illustrated in Fig. 9, demonstrating
that the designed observer can efficiently detect the fault.
In Fig. 10, the fault estimation at the boundary is depicted.
Threshold level is set on ϵ = 15 and the fault is detected after
about 80 seconds. Once the threshold is exceeded, the fault
is detected, and the fault magnitude is accurately estimated
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Fig. 9: Estimation error c̃−e,2(t, x) in the presence of fault

as shown in 10.

Fig. 10: Fault detection and estimation

VI. CONCLUSION AND FUTURE WORK

In this study, a model-based fault detection and estimation
scheme for electrolyte lithium concentration degradation in
lithium-ion batteries is proposed. The fault detection system
consists of two cascaded PDE observers: the state observer
and the fault estimator. The electrolyte fault is a physically
relevant function characterized by an unknown magnitude,
which can be estimated using the designed update law. The
effectiveness of the proposed scheme was validated through
the simulations. Future work will focus on applying this fault
estimation to obtain the remaining useful life of the battery.
Additionally, it aims to conduct experimental validations
to assess the scheme’s performance under practical con-
ditions while considering potential parameter uncertainties,
particularly those related to electrolyte dynamics, which are
challenging to estimate accurately.
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