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Abstract—Precise estimation of the electrochemical states
of a Li-ion battery benefits the design of a more efficient
and reliable battery monitoring system. This paper explores
state estimation approaches for a Single Particle Model with
electrolyte (SPMe) dynamics with modified boundary conditions
integrated into a Thermal model (SPMe-T). The integration
of thermal dynamics into the SPMe enhances its capability
to capture temperature-dependent behavior, while maintaining
a balanced trade-off between computational efficiency. An
internal average temperature model is incorporated into the
battery model to account for temperature variations that
affect the diffusion parameter. Battery parameters, such as the
diffusion coefficient, vary with temperature. Incorporating a
thermal model can improve subsequent state estimation. This
study estimates the lithium concentration in both the electrolyte
and solid phases by proposing closed-loop backstepping Partial
Differential Equation (PDE) observers. The stability of all
proposed observers and the convergence of the state estimation
errors are proven.

I. INTRODUCTION

Proper monitoring of lithium-ion batteries is essential to
maintain their longevity and manage undesired conditions;
otherwise, it can lead to various adverse consequences, rang-
ing from accelerated aging to hazardous faults [1]. Although
the electrolyte plays a critical role in facilitating lithium-
ion transport and interfacial electrochemical reactions within
lithium-ion batteries, its dynamics and behavior have been
relatively less explored compared to the solid-phase dy-
namics. Most state estimation studies in the literature have
focused primarily on the solid phase. For instance, in [2],
Moura et al. employed the SPM and designed backstepping
PDE observers to estimate the lithium concentration in the
solid phase. In [3], temperature effects on battery parameters
were considered, and a thermal—electrochemical model was
used to estimate the solid-phase lithium concentration, fol-
lowed by the estimation of the state of charge. Regarding the
electrolyte phase, in [4], an open-loop observer was designed
to estimate the lithium concentration in the electrolyte. In
[5], the open-loop observer in [4] was further developed, and
closed-loop PDE observers for electrolyte concentration were
designed by incorporating the boundary error as a correction
term. In this design, the temperature was assumed to be con-
stant. Since battery parameters are influenced by temperature,
considering thermal effects in state estimation can improve
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performance. In the present study, the effect of temperature
on the system parameters is taken into account. Accordingly,
this study utilizes the SPMe-T model to capture the influence
of temperature on the battery’s electrochemical parameters.
By integrating an internal average temperature model into the
SPMe, the effect of temperature on the diffusion coefficient
is captured, and closed-loop backstepping PDE observers are
subsequently designed to estimate the battery states.

The main contributions of this study are as follows:

e In [5], the authors designed closed-loop backstepping
PDE observers to estimate the electrolyte lithium con-
centration while ignoring temperature effects. To the
best of our knowledge, this is the first paper in which
the electrolyte-phase lithium concentration is estimated
while accounting for the influence of temperature on the
battery parameters.

e In [3], the SPM-T model was utilized for solid-phase
state estimation. In this study, a more comprehensive
model, SPMe-T with modified boundary conditions,
is employed as an enhanced version of SPM-T that
incorporates electrolyte-phase dynamics and tempera-
ture effects into the battery model. It also allows the
diffusion coefficient in both the solid and electrolyte
phases to vary with temperature.

o For the observer design in this paper, the governing
PDEs are directly utilized, avoiding spatial discretiza-
tion, unlike studies that rely on discretization-based
approaches [6].

o Unlike the design in [5], where the boundary conditions
of the target system for the electrolyte observers are
set to zero, this study introduces a novel aspect by
defining nonzero boundary conditions. This modifica-
tion prevents the observer gain from becoming zero.

The rest of this paper is organized as follows. Section
IT describes the battery model. Sections III and IV present
the designed observers for the electrolyte and solid phases,
respectively. Finally, Section V concludes the paper and
outlines directions for future work.

II. SPME-T MODEL

The battery model, SPMe, depicted in Fig. 1, is integrated
with a thermal model to account for temperature effects. The
resulting coupled model, referred to as SPMe-T, is employed
as the battery model in this study and is described in the
following section.
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Fig. 1.

SPMe Schematic

A. Solid-phase lithium concentration

Lithium concentration in the positive and negative elec-
trodes ¢ (,r) is described as:
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Here RF, F, and L* are the particle radius, Faraday’s
constant, and electrode length, respectively. a is the interfa-
cial surface area. DF(T'(t)) is Arrhenius-like in the internal
averaged temperature T'(t) [7]:
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where E =+ is the activation energy coefficient for solid-
phase d1ffusw1ty The internal average temperature, denoted
by T'(¢), is introduced in Section II-D.

B. Electrolyte-phase lithium concentration

The electrolyte concentrations in the negative electrode,
separator, and positive electrode are given as follows:
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The electrolyte lithium concentration has coupled boundary
conditions at the separator—electrode interfaces, which makes
observer design challenging. Therefore, modified boundary

conditions are used in these areas, as described in [8].
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where P* = LEL®=L" The initial condition for the
electrolyte phase is given by ci(0,z) = ciy(z), i €
{—, sep, +}. The electrolyte diffusivity is Arrhenius-like [9]:
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where E"De is the activation energy coefficient in the

electrolyte-phase.

C. Input and output

The input to the system is the applied current, I(¢), and
the output is the terminal voltage, expressed as
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where kcone = #(t). R and « denote the universal
gas constant and the charge transfer coefficient, respectively.
U*(.) and 45 (t) are open-circuit potential and exchange
current density, respectively. ¢0 is the transference number of
ions, and ¢ = cF(t, RY). Rjjf and x are the solid-electrolyte
interphase film resistance and the conductivity of electrolyte,
respectively. The exchange current density is defined as
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where 7%, (T'(t)) represents the effective reaction rate in the
solid phase.
D. Temperature dynamic

The internal averaged temperature T'(t) satisfies [10]:

dT
Pa(t) = cell(Tamb t)

(
IW{U™ (e (1), T(t)) — U( (1), T(1))
aU+< (% (1) aU—@;axTa»]}
aT aT

avg

~T(t)

+ RI(t)?, t >0,
T(0) = Tamb(0),



where Ty (t) is the ambient temperature and ¢ (t) are the
average solid concentrations as:
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To eliminate the dependency of battery parameters on the in-
ternal averaged temperature 7'(¢) the following concentration
is considered:

Assumption 1. U*(cE(t),T(t)) and if(ck(t), T(t)) are
treated as independent of the concentrations, and their
dependence on temperature T'(t) is approximated by a de-
pendence on the ambient temperature T,,,(t), as follows:

U (t) £ U (cE(t), Tamn (1)) (18)
Uy (t) £ U (e (), Tamn (1)) , (19)
iy (t) 2 i (Tamp (1) (20)

where the subscript 1 in U indicates that U*(-,T(t))
is approximated using the surface concentration ct(t) =
cE(t, RF), whereas subscript 2 refers to its approximation

based on the averaged concentration ¢X(t).

In addition, the temperature-dependent parameter
R (T(t)) is replaced with an ambient temperature-
dependent parameter, i.e., Rg(t) 2 Ro(Tum(t)). For
designing this observer, the required measurement is
cE(t,0%), which can be measured as detailed in the
following remarks.

Remark 1. The electrolyte lithium concentration at the
terminal boundaries, ¢ (t,0%), is difficult to measure di-
rectly. Therefore, correlated measurable quantities such as
electrolyte resistance, diffusion coefficient, and conductiv-
ity can be used for its estimation. These quantities can
be obtained through localized Electrochemical Impedance
Spectroscopy (EIS), and subsequently used to determine
cE(t,0%). Detailed explanation can be found in [5]. EIS
is an offline technique that typically requires about 2-3
minutes to complete each measurement [11]. Integrating
event-triggered mechanisms into the observer is considered
as a future work to address the offline nature of EIS.

By substituting the voltage function (13) into (15) and
applying Assumption 1, the internal average temperature
dynamics (15) can be simplified and expressed as follows:
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In (22), electrolyte-related terms are incorporated, making it

distinct and more precise compared to Equation 24 in [3],
which satisfies the following equation:
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Afterward, in the equations involving 7'(¢), it is replaced by
the simplified temperature 7'(t) defined in (23). At this stage,
the internal averaged temperature becomes a time-varying,
concentration-independent function that depends only on
time. Consequently, by using 7 (t), the solid-phase diffusion
coefficients D" (T'(t)) /eF and electrolyte-phase diffusion
coefficients D (T'(t))/r? become known.

III. ELECTROLYTE-PHASE LITHIUM CONCENTRATION
OBSERVERS

In the following section, electrolyte-phase observers in-
corporating temperature effects on the electrolyte diffusion
coefficient are presented.

A. Electrolyte observer for negative electrode

Unlike the previous approach in [8], where the system was
first normalized to facilitate observer design, in this study
normalization cannot be applied because the diffusion coef-
ficient D" (T'(t)) /e is no longer constant. This variation,
along with the inclusion of temperature effects, makes the
observer design more challenging. The proposed observer for
the electrolyte lithium concentration in the negative electrode
(6), (9) and (10) is designed as follows:
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where ki (t,z) and kj, are the observer gains deter-
mined such that ¢ (¢,x) converges to ¢ (t,x) as time



approaches infinity. The dynamics of the state estimation
error &, (t,x) = ¢; (t,z) — ¢, (¢, z) are given by:
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The following invertible backstepping transformation is:
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and the following exponentially stable target system is con-
sidered:
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parameter determlmng the convergence rate of the observer
to the system. The kernel function is derived as follows:
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The kernel function is defined over the domain T =
{(t,2,y);0 <t < tmax,0 <y < x <1}, where tp,x repre-
sents a suitable finite time ensuring the regularity conditions
hold. The kernel function can be solved piecewise using
the successive approximation method in Section 4.4 [12].
Observer gains should be selected as:
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Theorem 1. Consider the electrolyte lithium concentration
in the positive electrode (6), (9) and (10), along with the
proposed state observer (24)-(26). Under Assumption 1, if

D)}/ (de),

then for any initial condition, the observer error system (27)-
(29) is exponentially stable. This implies that the states of
the designed observer (24)-(26) converges to the states of
the system (6), (9) and (10).

AT < mln{D

Proof: The stability of the observers will be proved
following the procedure in [8], with the key difference that
the boundary condition of the target system at L~ is set to
be nonzero to prevent the observer gain kj, from becoming
zero. The reason for this choice is that differentiating the
transformations (30) and then substituting x = 0, leads to:
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By using (68) and substituting x = 0~ into (40), the

following equation is obtained:
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As can be observed, if the boundary condition of the target
system ax (t 07) is set to zero, as in [8], then the observer
gain k;, must also be zero. To avoid it, in this study
the boundary condition of the target system is defined as
nonzero, as specified in (32).

B. Electrolyte observer for positive electrode

The designed observer for the electrolyte lithium concen-
tration in the positive electrode (8), (9) and (11) is expressed
as follows:
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where k' (¢, J;) and k;; are observer gains designed to guar-
antee that ¢ (¢, z) converges to ¢ (¢, z) as time approaches
infinity. State estimation error ¢ (t x) =cF(t,x)—ef (L, x)
is obtained as:
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where @7 (¢, ) satisfies the following exponentially stable
target system:
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Theorem 2. Consider the electrolyte lithium concentration
in the positive electrode (8), (9) and (11), along with the
proposed state observer (41)—(43). Under Assumption 1, if
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then, for any initial condition, observer error system (44)-
(46) is exponentially stable. This implies that the states of
the designed observer (41)-(43) converges to the states of
the system (8), (9) and (11).

AT < min {DI(T
t>0

Proof: The stability follows directly from Theorem 1.
Since the procedure is identical, the detailed proof is omitted
for brevity.

C. Electrolyte observer for separator

Observer for the system within the separator is designed
as follows:
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where &P (t,050) = P (¢,0%P) — &P (t,0%P). Observer
gains are kyP (¢, z) and k3. The separator observer operates
in cascade with the electrolyte observers in the positive and
negative electrodes, since its boundary terms ce (¢, 05P) =

co (t,L7) and P (t, L*?) = cf(t,0T) are obtained from
the corresponding electrode observer estimates.

The dynamics of the state error ce " (¢, 0%P) = o (¢, L)
are obtained as:
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Using the following invertible transformation:
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parameter determining the convergence rate of the observer
to the system. The kernel function is derived as follows:
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Theorem 3. Consider the electrolyte lithium concentration
in the separator (7), (10) and (11), along with the proposed
state observer (56)—(58). Under Assumption 1, if

)\sepm < HllIl {Dsep }/ 4€sep)

then, for any initial condmon, the observer error system (59)-
(61) is exponentially stable. This implies that the states of
the designed observer (56)-(58) converges to the states of
the system (7), (10) and (11).

Proof: The stability can be proved following the similar
procedure explained for Theorem 1.



IV. SOLID-PHASE OBSERVER DESIGN

The design of the solid-phase observer requires the solid-
phase lithium concentration at the boundary. The solid-phase
observer that accounts for the temperature dependence of
the solid-phase diffusion coefficient was previously designed
in [3]. However, in this study, the boundary value of the
surface concentration cf(¢) is obtained using a more ac-
curate scheme, as explained below. The positive electrode
concentration at the boundary can be obtained through the
inversion of the output function, by considering the following
assumption:

Assumption 2. Functions I(t), Ui(~,T(t)) and V(t) are
considered as piecewise analytic [3].

The SPM voltage function is simplified as [3]:
V(1) = ho(t, e (1), 1 (1)), (71)

and its inversion ¢, = ho(t, V (t), I(t)) can be used to obtain
¢t (t). Whereas, this study employs a more comprehensive
SPMe voltage function (13) compared with [3], which incor-
porates electrolyte concentration terms, expressed as:

V(t) = hy (t,eh (), cE(t,0%),I(t)).

As detailed in Remark 1, the electrolyte lithium concentra-
tion at the boundaries ¢ (#,0%) can be determined indirectly
through EIS measurement. Consequently, with access to
cE(t,0%) and the measured voltage V'(¢), a more precise
value for cf(t) can be obtained compared to inverting (71).

ek () = ha (£, V(t), ¢ (t,0%),1(¢)) . (73)

Using ¢ (t), obtained through the inversion of the output
function, following observer is designed for the original
system (1)-(4) as follows [3]:
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where p; (¢, 7) and p;o are the observer gains determined as:
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where p(t,r,l) is the solution of the kernel func-

tion and A is a free parameter satisfying A <
1 . = .

(R0) minez0 {DF(T(t))}. elaborated in [3].

Theorem 4. Under Assumptions 1 and 2, for t € [0, tyax] if

A\ < min {DF (T(t))},

4 (R;-)2 t>0

then for any initial value, the states of the observer (74)-(76)
converges to the states of the system (1)-(4).

Proof: The stability proof can be found in the proof of
Lemma 2 in [3].

V. CONCLUSION

This paper presented a state estimation approach for the
SPMe-T model, which accounts for the temperature depen-
dence of the diffusion coefficient in both the solid phase and
the electrolyte phase. The SPMe-T model improves accu-
racy by incorporating temperature effects on the diffusion
coefficient. Closed-loop PDE backstepping observers were
designed to estimate the lithium-ion concentration in the
electrolyte and solid phases. Conducting validation of the
designed observers and comparing their results with ongoing
work is planned for future work. Using a more detailed
temperature model [13] instead of the internal averaged
model is another potential direction for future work.
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